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Abstract
We investigate the splitting and mixing of ρ and ω mesons in nuclear matter. The
calculations were performed on the basis of QCD sum rules and include all operators
up to mass dimension-6 twist-4 and up to first order in the coupling constants. Special
attention is devoted to the impact of the scalar 4-quark condensates on both effects. In
nuclear matter the Landau damping governs the ρ− ω mass splitting while the scalar
4-quark condensates govern the strenght of individual mass shifts. A strong in-medium
mass splitting causes the disappearance of the ρ− ω mixing.
1 Introduction
The investigation of in-medium modifications of hadrons is currently a topic of wide interest.
This is because the issue is related to chiral symmetry restoration as well as to a change
of vacuum properties, and the phenomenon ”mass of particles”. Among the promising
candidates for a search for changed hadron properties in an ambient strongly interacting
medium are vector mesons. Due to their decay mode V → γ⋆ → e+e− and the negligible
interaction of the escaping e+e− one can expect to probe directly the parent vector meson
V . Indeed, strong evidences for changes of the ρ meson are found in relativistic heavy-ion
collisions, where a meson-rich hot medium is transiently created (cf. [1]). As the vector
meson properties are coupled to various condensates [2, 3, 4], which change as a function of
both the baryon density and the temperature, complementary investigations of their behavior
via the e+e− decay channel in compressed nuclear matter is also required. Experimentally
this will be done in a systematic way with the detector system HADES [5]. The situation is
quite challenging since various predictions differ in details.
In the invariant mass region up to 1 GeV there are various sources of e+e− [6, 7]: Dalitz
decays of many hadrons, bremsstrahlung, and the direct decays V → e+e− mentioned above.
One important channel for di-electron production is the reaction ππ → γ⋆ → e+e−. This
channel has been evaluated with increasing sophistication over the last years (cf. [1]). The
corresponding di-electron production rate R = dN ee/d4x in a medium characterized by the
baryon density n and temperature T is given by [8, 9]
dR
dMee
(Mee, n, T ) =
σ(M2ee, n)
(2π)4
M4ee T K1
(
Mee
T
) (
1−
4m2π
M2ee
)
. (1)
Here K1 is a modified Bessel function, Mee stands for the invariant mass of the di-electron
pair, and σ is the total cross section of the process π+π− → γ⋆ → e+e−
σ(q2, n) =
4
3
π
α2em
q2
√
1−
4m2π
q2
|Fπ(q
2, n)|2 , (2)
where Fπ(q
2) is the pion formfactor and q2 = M2ee is the momentum squared of the decaying
virtual photon γ⋆.
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The ρ−ω mixing in vacuum has been discovered as a particular form of the pion formfactor
|Fπ(q
2)| a few decades ago [10]. Since that time much work has been done aiming at a
theoretical understanding of this mixing effect (for a review see [11]). Despite that there is
still some debate concerning details of the ρ − ω mixing in vacuum [12, 13, 14] the experi-
mental pion formfactor in vacuum can well be reproduced by means of several theoretical
approaches. However, up to now the mixing effect has not been studied systematically in the
medium. One may argue that the ρ− ω mixing is a tiny effect in evaluating the di-electron
emission rate of warm nuclear matter. Moreover, inspired by [15], it seems to be a generic
effect of its own interest, which should be analyzed in a dense medium. This is one issue
of the present paper. In addition, we are going to investigate the ρ − ω mass splitting and
mixing effect simultaneously on the same footing, i.e. we use the same parameter set and
the same approach for evaluating both effects.
Refs. [15, 16, 17] showed that ρ and ω mesons experience, within the QCD sum rule approach,
quite a different in-medium behavior. Even in zero-width approximation a large ρ− ω mass
splitting was found when neglecting terms in the operator product expansion (OPE) which
differ for ρ and ω mesons. The individual mass shifts depend on the yet poorly known
density dependence of the four-quark condensate, assuming the same effective four-quark
condensate for both the ρ and the ω mesons. A further goal of the present paper is to
include all terms in the OPE up to mass dimension-6 and twist-4 (up to order αs) and to
study the importance of condensates which make ρ and ω differ. We extend our previous
studies [16, 17] to consider here the yet unexplored effect of the density dependence of the
four-quark condensate on the ρ− ω mixing in medium.
Our paper is organized as follows. In section 2 we determine the mass shifts of ρ and ω
mesons. We spell out the basic steps of QCD sum rules in low-density approximation and
list all terms of the operator product expansion (OPE) up to mass dimension-6 and twist-
4. We then present a numerical evaluation of the QCD sum rules and show that terms in
the OPE which make ρ and ω differ are small at nuclear matter saturation density. The
ρ−ω mass splitting is found to be determined by different Landau damping terms, while the
individual mass shifts are governed by the density dependence of the four-quark condensate.
The knowledge of the in-medium ρ, ω mass parameters is a prerequisite of a consistent
treatment of the ρ − ω mixing studied in section 3. We define the phenomenology of the
mixing and explain how this effect is related to observables. Afterwards we specify the QCD
sum rule for the ρ − ω mixing and present details of the evaluation. The summary can be
found in section 4.
2 ρ− ω mass splitting
The masses of ρ and ω mesons differ in vacuum by a small amount, ∆m = mω −mρ = 11
MeV. It was one success of the QCD sum rule method to explain this mass splitting in
vacuum by differences in the OPE of ρ and ω current−current correlators [3]. Indeed, up
to mass dimension-6 there is only one operator in vacuum, the so-called flavor mixing scalar
operator, which differs in sign in the OPE of ρ and ω correlators. In the following we will
investigate the behavior of this splitting at finite density, where nonscalar condensates play
also a role.
2
2.1 QCD sum rule
Within QCD sum rules the in–medium vector mesons V = ρ, ω are considered as resonances
in the current−current correlation function
Π(V )µν (q, n) = i
∫
d4x eiqx 〈Ω|T JVµ (x) J
V
ν (0) |Ω〉 , (3)
where qµ = (q0, q) is the meson four momentum, T denotes the time ordered product of
the meson current operators JVµ (x), and |Ω〉 stands for a state of the nuclear medium. In
the following, we focus on the ground state of baryonic matter approximated by a Fermi
gas with nucleon density n (in Ref. [16] it was shown that temperature effects for T ≤ 100
MeV are of subleading order and may be neglected for our purposes). We first study isospin
symmetric nuclear matter and extend later on our approach to asymmetric nuclear matter.
In terms of quark field operators, the vector meson currents are given by
JVµ =
1
2
(uγµu∓ dγµd) , (4)
where the upper sign stands for the ρ meson while the lower sign stands for the ω meson.
We will keep this notation troughout the paper. Note that the interpolating currents eq. (4)
are based on the same field operators u, d. Therefore, evaluating the r.h.s. of eq. (3) will
deliver the same condensates, however a few of them with different signs. To highlight this
point we spell out all terms arising from eqs. (3, 4) in the following.
We consider the nucleon and vector meson at rest, i.e. qµ = (q0, q = 0) and kµ = (MN ,k =
0), which implies the vector meson to be off shell while the nucleon is on shell. Then the
correlator (3) can be reduced to 1
3
Πµµ(q
2, n) =
∑
V=ρ,ω
Π(V )(q2, n). In each of the vector meson
channels the correlator Π(V )(q2, n) satisfies the twice subtracted dispersion relation, which
can be written with Q2 ≡ −q2 = −E2 as
Π(V )(Q2, n)
Q2
=
Π(V )(0, n)
Q2
− Π(V )
′
(0) +Q2
1
π
∞∫
0
ds
ImΠ(V )(s, n)
s2(s+Q2)
(5)
with Π(V )(0, n) = Π(V )(q2 = 0, n) and Π(V )
′
(0) = dΠ
(V )(q2,n)
dq2
|q2=0 as subtraction constants.
We use Π(ρ)(0, n) = n/(4MN) and Π
(ω)(0, n) = 9n/(4MN) [15, 18], respectively, which are
the Thomson limit of the V N scattering process and correspond to Landau damping terms
[19].
As usual in QCD sum rules [3, 4], for large values of Q2 one can evaluate the nonlocal
operator of eq. (3) by OPE. We truncate the OPE beyond mass dimension-6 and twist-4
and include all terms up to the first order in αs in the SU(2) flavor sector:
Π(V )(Q2, n) = Π
(V )
scalar +Π
(V )
d=4,τ=2 +Π
(V )
d=6,τ=2 +Π
(V )
d=6,τ=4 + . . . , (6)
Π
(V )
scalar = −
1
8π2
(
1 +
αs
π
CF
3
4
)
Q2 ln
(
Q2
µ2
)
−
3
8π2
(
m2u +m
2
d
)
(7)
+
1
2
(
1 +
αs
π
CF
1
4
)
1
Q2
〈Ω|(mu uu+md dd)|Ω〉+
1
24
1
Q2
〈Ω|
αs
π
G2|Ω〉 (8)
−
1
2
παs
1
Q4
〈Ω|
(
uγµγ5λ
au uγµγ5λ
au + dγµγ5λ
ad dγµγ5λ
ad
)
|Ω〉 (9)
3
±παs
1
Q4
〈Ω|
(
uγµγ5λ
au dγµγ5λ
ad
)
|Ω〉 (10)
−
1
9
παs
1
Q4
〈Ω|
(
uγµλ
au uγµλau + dγµλ
ad dγµλad
)
|Ω〉 (11)
−
2
9
παs
1
Q4
〈Ω|
(
uγµλ
au dγµλad
)
|Ω〉 , (12)
+gs
1
12
1
Q6
(
m2u〈Ω|mu uσµν G
µνu|Ω〉+m2d 〈Ω|md dσµν G
µνd|Ω〉
)
, (13)
Π
(V )
d=4,τ=2 =
1
2
αs
π
nf
1
Q4
qµqν〈Ω|SˆTˆ
(
G αµ Gαν
)
|Ω〉 (14)
−
(
2
3
−
αs
π
CF
5
18
)
i
1
Q4
qµqν〈Ω|SˆTˆ
(
uγµDνu+ dγµDνd
)
|Ω〉 , (15)
Π
(V )
d=6,τ=2 = −
41
27
αs
π
nf
1
Q8
qµqνqλqσ〈Ω|SˆTˆ
(
G ρµ DνDλGρσ
)
|Ω〉 (16)
+
(
8
3
+
αs
π
CF
67
30
)
i
1
Q8
qµqνqλqσ〈Ω|SˆTˆ
(
uγµDνDλDσu+ dγµDνDλDσd
)
|Ω〉 , (17)
Π
(V )
d=6,τ=4 = ±
1
3
1
Q6
qµqν〈Ω|g2s SˆTˆ
(
uγµγ5λ
au dγνγ5λ
ad
)
|Ω〉 (18)
−
1
6
1
Q6
qµqν〈Ω|g2s SˆTˆ
(
uγµγ5λ
au uγνγ5λ
au + dγµγ5λ
ad dγνγ5λ
ad
)
|Ω〉 (19)
−
1
24
1
Q6
qµqν〈Ω|g2s SˆTˆ
(
uγµλ
au
(
uγνλ
au + dγνλ
ad
))
|Ω〉 (20)
−
1
24
1
Q6
qµqν〈Ω|g2s SˆTˆ
(
dγµλ
ad
(
uγνλ
au + dγνλ
ad
))
|Ω〉 (21)
−
5
12
1
Q6
qµqν〈Ω|igsSˆTˆ
(
u
[
Dµ, G˜να
]
+
γαγ5u+ d
[
Dµ, G˜να
]
+
γαγ5d
)
|Ω〉 (22)
−
7
3
1
Q6
qµqν〈Ω|SˆTˆ
(
mu uDµDνu+md dDµDνd
)
|Ω〉 , (23)
where nf = 3 is the number of active flavors at a scale of 1 GeV, and CF = (n
2
c −1)/(2nc) =
4/3 with nc = 3 as number of colors; σµν =
i
2
[γµ , γν ]−. The strong couplings are related by
αs = g
2
s/(4π).
The SU(3) color matrices are normalized as Tr (λa λb) = 2δab, the covariant derivative is de-
fined as Dµ = ∂µ+ igA
a
µλ
a/2 and G2 = GaµνG
a µν where Gaµν is the gluon field strength tensor
(Gµν = Ga µνλa/2). The dual gluon field strength tensor is defined by G˜µν = ǫµνρσG
a ρσλa/2.
The OPE for scalar operators up to mass dimension-6 can be found in [3]. For the twist-2
condensates we have included all singlet operators with even parity up to order αs (nucleon
matrix elements of operators with odd parity vanish). Their Wilson coefficients can be
deduced from [20]. 1
The Wilson coefficients of the twist-4 operators in lines (18) ... (22) are given in [8], and
for the twist-4 operator in line (23) it can be deduced from [21], where it has been found
that the term (23) has some relevance for twist-4 effects of nucleon structure functions. The
Wilson coefficient of an additional dimension-6 twist-4 operator, SˆTˆq [Dµ, Gνα]− γ
αq (for an
1Despite the fact that twist-2 non-singlet operators occur in the OPE for electromagnetic currents [20],
they are absent in the OPE of eq. (3). Twist-2 non−singlet condensates contribute, however, to ρ−ω mixing.
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estimate of this condensate see [22]), vanishes [21, 23].
We emphasize that the only difference between ρ and ω mesons in the truncated OPE consists
in the terms in lines (10) and (18). As mentioned above the term in line (10) is responsible
for the ρ − ω mass splitting in vacuum; the term in line (18) vanishes in vacuum. It is
now our goal to analyze the in-medium difference of ρ and ω mesons stemming from the
OPE side. Most terms in lines (7) ... (23) may be evaluated using standard techniques [24].
However, what remains to be considered are the flavor-mixing condensates in the lines (10),
(12), (18), the mixed quark-gluon condensate in line (13), the pure gluonic condensates in
the lines (14), (16) and the twist-4 condensate in line (23). The QCD corrections to order
αs of the twist-2 condensates in lines (15) and (17) have not been taken into account in
previous analyses.
The chiral condensate and scalar gluon condensate have been discussed in some detail in [25].
Details for the scalar four-quark condensates in lines (9) ... (12) are given in Appendixes
A and B, where also further notations are explained. The twist-2 quark condensates (lines
(15) and (17)) and the gluonic twist-2 condensates (lines (14) and (16)) are explicitly given
in Appendix C. The twist-4 condensates (lines (18) ... (23)) are listed in Appendix D.
Performing a Borel transformation [3] of the dispersion relation eq. (5) with appropriate
mass parameter M2 and taking into account the OPE (6) one gets the QCD sum rule
Π(V )(0, n)−
1
π
∞∫
0
ds
ImΠ(V )(s, n)
s
e−s/M
2
= c0 M
2 +
∞∑
i=1
ci
(i− 1)!M2(i−1)
. (24)
For nuclear matter we utilize the one-particle dilute gas approximation in order to evaluate
all relevant condensates in the nuclear medium, i.e.
〈Ω|Oˆ|Ω〉 = 〈Oˆ〉0 +
n
2MN
〈N(k)|Oˆ|N(k)〉 , (25)
where the nucleon states are normalized by 〈N(k)|N(k′)〉 = (2π)3 2Ek δ(k − k
′) with
Ek =
√
k2 +M2N . The scalar dimension-4 and dimension-5 condensates are given by [26]
mu 〈Ω|uu|Ω〉 = mu〈uu〉0 +
1
2
σuN n , (26)
〈Ω|
αs
π
G2|Ω〉 = 〈
αs
π
G2〉0 −
8
9
M0N n , (27)
〈Ω|gsuσµνG
µνu|Ω〉 = λ2〈uu〉0 +
1
2
λ2
σuN
mu
n , (28)
where we have introduced the sigma term σuN = mu〈N(k)|uu|N(k)〉/MN and λ
2 ≃ 1 GeV2.
The chiral d quark condensate follows by replacing the u quark by a d quark. The nucleon
sigma term [26] is 2σN = σ
u
N + σ
d
N .
Inserting the explicit expressions for all condensates (cf. Appendixes A ... D) one gets for
the coefficients c1,2,3 in eq. (24)
c0 =
1
8π2
(
1 +
αs
π
CF
3
4
)
, (29)
c1 = −
3
8π2
(m2u +m
2
d) , (30)
c2 =
1
2
(
1 +
αs
π
CF
1
4
)(
mu〈uu〉0 + md〈dd〉0 + σN n
)
5
+
1
24
[
〈
αs
π
G2〉0 −
8
9
M0N n
]
+
(
1
4
−
5
48
αs
π
CF
)
A
(u+d)
2 MN n−
3
16
nf
αs
π
AG2 MN n , (31)
c3 = −
112
81
π αs κ0 〈qq〉
2
0
[
1 +
κN
κ0
σN
mq〈qq〉0
n
]
+
(8± 36)
81
Q20
f 2π
αs
π
〈qq〉20
[
1 +
σN
mq
1
〈qq〉0
n
]
−
(
5
12
+
αs
π
CF
67
192
)
A
(u+d)
4 M
3
N n +
205
864
αs
π
nf A
G
4 M
3
N n
+
1
4
MN n
(
3
8
K2u +
3
2
K1u − (1± 1)K
1
ud +
15
16
Kgu
)
−
7
144
σN M
2
N n , (32)
where A(u+d)n = A
u
n + A
d
n with n = 2, 4, 2〈qq〉0 = 〈uu〉0 + 〈dd〉0, and 2mq = mu +md.
2.2 Evaluation
We define a ratio of weighted moments
m2V (n,M
2, sV ) ≡
sV∫
0
ds ImΠ(V )(s, n) e−s/M
2
sV∫
0
ds ImΠ(V )(s, n) s−1 e−s/M2
(33)
for which the desired sum rule follows by taking the ratio of eq. (24) to its derivative with
respect to 1/M2 as
m2V (n,M
2, sV ) =
c0M
2 [1−
(
1 + sV
M2
)
e−sV /M
2
]− c2
M2
− c3
M4
c0 (1− e−sV /M
2) + c1
M2
+ c2
M4
+ c3
2M6
− Π
(V )(0,n)
M2
, (34)
where we have identified the highlying (continuum) contributions as−ImΠ(V )(s ≥ sV , n)/s =
πc0 (sV is the continuum threshold). The meaning of the parameter m
2
V as normalized first
moment of the spectral function ImΠ(V ) becomes immediately clear in zero-width approxi-
mation, −ImΠ(V )(s ≤ sV , n) = πFV δ(s−m
⋆ 2
V ), from where mV = m
⋆
V follows. eqs. (33, 34)
are the corresponding generalizations for the case of finite width, in the spirit of a resonance
+ continuum ansatz. The mass equation (34) is commonly used for describing m2V in vacuum
[3, 27, 28, 29, 30, 31], at finite temperature [8] and at finite density [4, 15, 16] and will be
subject of our further considerations.
The sum rule is reliable only in a Borel window M2min ≤M
2 ≤M2max. If M
2 is too small the
expansion eq. (24) breaks down. On the other side, if M2 is too large the contribution of
perturbative QCD terms completely dominate the sum rule. We adopt the following rules
for determining the Borel window [24, 32, 33, 34, 35]: The minimum Borel mass, M2min, is
determined such that the terms of order O(1/M6) on the OPE side contribute not more
than 10%. The maximum Borel mass, M2max, is evaluated within zero-width approximation
by requiring that the continuum part is not larger than the contribution of the resonance
6
part, i.e.
1
8π2
(
1 +
αs
π
)
M2max e
−sV /M
2
max ≤
FV
m2V
e−m
2
V
/M2max . (35)
The parameter FV can be evaluated by means of the QCD sum rule eq. (24). The obtained
results for vacuum, Fρ = 0.0110 GeV
4, Fω = 0.0117 GeV
4, are in good agreement with the
relations Fρ = m
4
ρ/g
2
ργ = 0.0130 GeV
4 and Fω = 9 m
4
ω/g
2
ωγ = 0.0138 GeV
4, respectively,
which follow from the Vector Meson Dominance (VMD) [3, 11, 32].
The threshold sV is determined by maximum flatness of mV (n,M
2, sV ) as a function of M
2.
These requirements give a coupled system of equations for the five unknowns M2min, M
2
max,
FV , sV , mV . The final parameters F V and mV are averaged to get Borel mass independent
quantities. For any parameter P this average is defined by
P =
1
M2max −M
2
min
M2max∫
M2min
P (M2) dM2 . (36)
In the following we will skip the average sign.
2.3 Results
For considering the mass parameter splitting effect there is no need to distinguish between
isospin symmetric and isospin asymmetric nuclear matter since all operators in the OPE
eq. (6) are isospin symmetric operators. Accordingly, in the following we study isospin
symmetric nuclear matter.
Twist-4 condensates have been estimated in [36] where data of lepton-nucleon forward scat-
tering amplitude has been used to fix the parameters K1u, K
2
u, K
g
u and K
1
ud in eq. (32). The
corresponding system of equations is under-determined and therefore various sets for these
parameters can be obtained. We have investigated all six sets from [36] for these parameters
and find only very small changes of the results. In Fig. 1 we show the results obtained
with the parameter set given in Appendix D. Since in [16, 17, 28, 37] a strong effect of the
density dependence of the four-quark condensate was found we show here results for various
possibilities, parameterized by κN introduced in Appendix A, eq. (87). The mass parameter
of the ρ meson decreases with increasing density for all κN , while the ω meson mass param-
eter decreases only for sufficiently large κN . Other QCD sum rule analyses [4, 34, 16] have
obtained also a decreasing ρ mass parameter. An increase of the ω meson mass parameter
has been found in [15, 16], where the correct Landau damping term was implemented.
The flavor mixing scalar operators (i.e. MudA,V , see Appendix B), while responsible for the
mass splitting in vacuum, play only a minor rule in matter. That means, discarding the
terms ∼ Q20 in eq. (32) yields curves which are nearly identical with those represented in
Fig. 1. The poorly known scalar four-quark condensate governs the strength of individual
mass shifts, while the strong mass splitting in matter originates mainly from the Landau
damping terms Π(V )(0, n), which differ by a factor 9 for ρ and ω [15]. The outcome of our
study is that terms in the OPE, which cause a difference of ρ and ω mesons, are small in
matter since the mass splitting is mainly determined by the Landau damping terms.
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Figure 1: Mass parameter mV of ω meson (upper curves) and ρ meson (lower curves) as a
function of the density for various values of the parameter κN ((a): κN = 1, (b): κN = 2,
(c): κN = 3, (d): κN = 4). The solid curves are for the full set of terms in eqs. (29 - 32),
while for the dotted curves the twist-4 condensates are discarded, i.e. K1,2,gu,d,ud = 0.
3 ρ− ω mixing
First, we briefly describe the mixing scenario considered in the following. We follow the
arguments given in [11]. The mixing can be accomplished by
(
ρ
ω
)
=
(
1 − ǫ
ǫ 1
)(
ρI
ωI
)
, (37)
where the subscript I denotes isospin-pure states, and ǫ is the mixing parameter. The mixing
formula (37) is quite general. Extending the mixed propagator approach described in [11] to
the case of finite density one can obtain the following relation between the complex mixing
parameter ǫ and the nondiagonal selfenergy δρω(q
2, n) via (cf. [11] for vacuum, cf. [15] for
matter)
ǫ(n) =
δρω(q
2, n)
m2ω(n)−m
2
ρ(n) + i ImΣω(q
2, n)− i ImΣρ(q2, n)
. (38)
8
The nondiagonal selfenergy δρω(q
2, n), and therefore also the mixing parameter ǫ, is directly
related to the pion form factor, given by
Fπ(q
2, n) = 1−
q2
gργ
gρππ
q2 −m2ρ(n)− i ImΣρ(q
2, n)
−
q2
gωγ
1
q2 −m2ω(n)− i ImΣω(q
2, n)
δρω(q
2, n)
gρππ
q2 −m2ρ − i ImΣρ(q
2, n)
. (39)
Since the main contribution of the second line stems from the region q2 ∼ m2ρ, m
2
ω one usually
approximates the nondiagonal selfenergy δρω(q
2, n) in the pion formfactor by its on-shell value
at q2 = m2 = 0.5 (m2ρ +m
2
ω).
The nondiagonal selfenergy consists of an electromagnetic part and a hadronic part,
δρω(m
2, n) = δEMρ ω (m
2, n) + δHρω(m
2, n). Both contributions can consistently be isolated in
theoretical as well as experimental analyses. The electromagnetic part comes from the
process ρ→ γ⋆ → ω and can be evaluated analytically [39]. In the following we are going to
investigate the density dependence of δρω(m
2, n).
3.1 QCD sum rule
The basic object for the ρ− ω mixing in matter is the mixed correlator
Πρ ωµν (q, n) = i
∫
d4x eiqx〈T Jρµ(x) J
ω
ν (0)〉n , (40)
with the isotriplet and isosinglet currents from eq. (4). It is straightforward to recognize
that
Πρ ω(q, n) ≡
1
3
gµν Πρ ωµν (q, n) = Π
u(q, n)− Πd(q, n) (41)
with
Πq(q, n) =
i
12
∫
d4x eiqx〈T q(x) γµ q(x) q(0) γ
µ q(0)〉n . (42)
This scalar function satisfies the twice subtracted dispersion relation
Πρ ω(q, n)
Q2
=
Πρ ω(0, n)
Q2
−Πρ ω
′
(0, n) +Q2
1
π
∞∫
0
ds
ImΠρ ω(s, n)
s2(s+Q2)
. (43)
The subtraction constant Πρ ω(0, n) vanishes in vacuum [11] as well as in case of symmetric
nuclear matter [15]. For asymmetric nuclear matter, Πρ ω(0, n) = −3 αnp n/(4MN) with
αnp = (nn − np)/n [15], where nn and np are the neutron and proton densities, respectively,
and n = nn + np.
The other subtraction constant Πρ ω
′
(0, n) = dΠ
ρ ω(q2,n)
dq2
|q2=0 does not contribute to the sum
rule after a Borel transformation. It is convenient [38] to subtract the pure electromagnetic
contribution ρ → γ⋆ → ω from hadronic and OPE sides of the dispersion relation (43). In
doing so we arrive at a new function, denoted by Π˜ρ ω, which satisfies the same dispersion
relation eq. (43).
For large values of Q2 one evaluates the l.h.s. of eq. (43) by the OPE. Due to large can-
cellations of the pure QCD terms according to eq. (41) one has now to include also the
9
electromagnetic contributions to the OPE in contrast to eq. (6), where the electromagnetic
terms are neglegible compared to the QCD terms. Accordingly, up to mass dimension-6
twist-4, and up to first order in αs and αem the OPE is given by (for vacuum cf. [12, 38], for
matter cf. [15])
Π˜ρ ω(Q2) = Π˜ρ ωscalar + Π˜
ρ ω
d=4,τ=2 + Π˜
ρ ω
d=6,τ=2 + Π˜
ρ ω
d=6,τ=4 + . . ., (44)
Π˜ρ ωscalar = −
1
64π3
Q2 αem ln
(
Q2
µ2
)
−
3
8π2
(
m2u −m
2
d
)
(45)
+
1
2
(
1 +
αs
π
CF
1
4
)
1
Q2
〈Ω|(mu uu−md dd)|Ω〉 (46)
+
1
72
αem
π
1
Q2
〈Ω|(4 mu uu−md dd)|Ω〉 (47)
−
1
2
παs
1
Q4
(
〈Ω|uγµγ5λ
au uγµγ5λ
au|Ω〉 − 〈Ω|dγµγ5λ
ad dγµγ5λ
ad|Ω〉
)
(48)
−
1
9
παs
1
Q4
(
〈Ω|uγµλ
au uγµλau|Ω〉 − 〈Ω|dγµλ
ad dγµλad|Ω〉
)
(49)
−
2
9
παem
1
Q4
(
4〈Ω|uγµγ5u uγ
µγ5u|Ω〉 − 〈Ω|dγµγ5d dγ
µγ5d|Ω〉
)
(50)
−
4
81
παem
1
Q4
(
4〈Ω|uγµu uγ
µu|Ω〉 − 〈Ω|dγµd dγ
µd|Ω〉
)
(51)
+gs
1
12
1
Q6
(
m2u 〈Ω|mu uσµνG
µνu|Ω〉 −m2d 〈Ω|md dσµνG
µνd|Ω〉
)
(52)
+e
1
12
1
Q6
(
2
3
m2u〈Ω|mu uσµνF
µνu|Ω〉+
1
3
m2d〈Ω|md dσµνF
µνd|Ω〉
)
, (53)
Π˜ρ ωd=4,τ=2 = −
(
2
3
−
αs
π
CF
5
18
)
i
Q4
qµqν〈Ω|SˆTˆ
(
uγµDνu− dγµDνd
)
|Ω〉 (54)
+
αem
π
5
162
i
Q4
qµqν〈Ω|SˆTˆ
(
4uγµDνu− dγµDνd
)
|Ω〉 , (55)
Π˜ρ ωd=6,τ=2 =
(
8
3
+
αs
π
CF
67
30
)
i
Q8
qµqνqλqσ〈Ω|SˆTˆ
(
uγµDνDλDσu− dγµDνDλDσd
)
|Ω〉 (56)
+
αem
π
67
270
i
Q8
qµqνqλqσ〈Ω|SˆTˆ
(
4 uγµDνDλDσu− dγµDνDλDσd
)
|Ω〉 , (57)
Π˜ρ ωd=6,τ=4 = −
1
24
1
Q6
qµqν〈Ω|g2s SˆTˆ
(
uγµλ
auuγνλ
au − dγµλ
addγνλ
ad
)
|Ω〉 (58)
−
1
6
1
Q6
qµqν〈Ω|g2s SˆTˆ
(
uγµγ5λ
au uγνγ5λ
au − dγµγ5λ
ad dγνγ5λ
ad
)
|Ω〉 (59)
−
5
12
1
Q6
qµqν〈Ω|igs SˆTˆ
(
u
[
Dµ, G˜να
]
+
γαγ5u− d
[
Dµ, G˜να
]
+
γαγ5d
)
|Ω〉 (60)
−
7
3
1
Q6
qµqν〈Ω|SˆTˆ
(
mu uDµDνu−md dDµDνd
)
|Ω〉 (61)
−
1
54
1
Q6
qµqν〈Ω|g2e SˆTˆ
(
4 uγµuuγνu − dγµddγνd
)
|Ω〉 (62)
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−
2
27
1
Q6
qµqν〈Ω|g2e SˆTˆ
(
4 uγµγ5u uγνγ5u − dγµγ5d dγνγ5d
)
|Ω〉 (63)
−
5
12
1
Q6
qµqν〈Ω|i e SˆTˆ
(
2
3
u
[
Demµ , F˜να
]
+
γαγ5u+
1
3
d
[
Demµ , F˜να
]
+
γαγ5d
)
|Ω〉 . (64)
αem = e
2/(4π) is the electromagnetic fine structure constant, Fνα stands for the electromag-
netic field strength tensor, and the dual electromagnetic field strength tensor is defined by
F˜µν = ǫµνρσF
ρσ. The covariant derivative of QED is defined as Demµ = ∂µ + ieAµ. The QED
contributions may be deduced from the QCD terms by the replacements λa/2 → 1 (which
implies CF → 1) and gs → eq (eq is the electric charge of quark q), respectively. Not all of
the condensates given above have been taken into account in previous evaluations: the terms
in the lines (47, 52, 53), the QCD corrections in the lines (46, 54, 56), the QED corrections
given in the lines (55) and (57), and all twist-4 contributions in lines (58 - 64) have not been
considered yet.
The isospin breaking of the scalar u and d quark condensates is usually parameterized by
γ + 1 =
〈0|dd|0〉
〈0|uu|0〉
≃
〈N |dd|N〉
〈N |uu|N〉
≃
〈Ω|dd|Ω〉
〈Ω|uu|Ω〉
, (65)
where we have generalized the corresponding relation for vacuum [15, 12, 38] to the case of
nuclear matter.
The four-quark condensates are given in Appendix A. The twist-2 quark condensates are
listed in Appendix C and the corresponding parameters can be found in Appendix E. The
twist-4 condensates, listed here for the sake of completeness, are neglected in our analysis
since they are strongly suppressed in the chosen Borel window.
Performing a Borel transformation of eq. (43) leads to
Πρω(0, n)−
1
π
∞∫
0
ds
ImΠ˜ρω(s, n)
s
e−s/M
2
= d0 M
2 +
∞∑
i=1
di
(i− 1)!M2(i−1)
. (66)
The coefficients d1,2,3 in linear density approximation and neglecting all twist-4 condensates
are given by
d0 =
1
64π3
αem , (67)
d1 = −
3
8π2
(m2u −m
2
d) , (68)
d2 =
[
1
2
(
1 +
αs
π
CF
1
4
)
(mu −md) +
1
72
αem
π
(4mu −md)
] (
〈qq〉0 +
σN
2mq
n
)
−
αem
π
5
288
MN n
(
Au,p2 + A
d,p
2
)
+ dAS2 , (69)
d3 =
14
81
πκ0 (8γαs − αem) 〈qq〉
2
0
(
1 +
κN
κ0
n
σN
mq〈qq〉0
)
−
αem
π
67
1152
M3N n
(
Au,p4 + A
d,p
4
)
+ dAS3 , (70)
where further terms proportional to mq γ, γ
2 and γ αem have been neglected. The terms
dASl (l = 2, 3) are proportional to αnp and account for isospin asymmetric matter. Their
impact on mixing will be considered separately in subsection 3.3.3.
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Finally, we specify the hadronic side of the QCD sum rule eq. (66) (cf. [3, 12, 13] for vacuum,
[15] for matter), where the φ meson has been implemented in accordance with [13]
−
1
π
ImΠ˜ρ ω(s, n)
s
=
1
4
[
fρ δ(s−m
2
ρ)− fω δ(s−m
2
ω) + fφ δ(s−m
2
φ)
]
+
1
4
[
fρ′ δ(s−m
2
ρ′)− fω′ δ(s−m
2
ω′)
]
+
αem
64π3
Θ(s− sV ) . (71)
The necessity for including the higher resonances ρ′ and ω′ is discussed below.
We mention that the term fφ is allowed since the φ meson is not a pure ss state but mixed
with the ω meson. Even more, it has been found in [13] that the φ meson gives a significant
contribution in vacuum due to large cancellations between fρ and fω. Accordingly, we drop
the assumption of ideal mixing and take into account such a term. 2
The five parameters fρ, fρ′ , fω, fω′ and fφ have to be evaluated selfconsistently within the
QCD sum rule approach. What we still need is a connection between these new parameters
and the parameter δρ ω(m
2) which enters physical observables like the pion formfactor in
eq. (39). Such a relationship can be obtained by means of VMD [11]
Jρµ(x) =
m2ρ
gργ
ϕρµ(x) , J
ω
µ (x) = 3
m2ω
gω γ
ϕωµ(x) , (72)
where ϕVµ (x) is the field operator of the respective vector meson V = ρ, ω. If one inserts
these relations into the correlator eq. (40) one gets an expression which relates Πρ ωµν with the
mixed propagator (keeping in mind the zero-width approximation at all stages). Another
expression for Πρ ωµν can be obtained by inserting eq. (71) into the dispersion relation eq. (43).
Equating both expressions leads to the searched relation
δHρ ω(m
2) = − (fρ + fω)
1
24
gρ γgω γ
∆m2
m2
, (73)
which is valid to order O(∆m4/m4) being a fairly well approximation even when taking into
account the strong mass splitting between ρ and ω mesons. We mention that for evaluating
the momentum dependence of δHρω(q
2) the applicability of VMD has been debated in [13] due
to the impact of the φ meson. On the other side, the reliablility of VMD for a momentum
dependence of δHρω(q
2) has been confirmed in [14], where the finite width of vector mesons
is taken into account. Anyhow, in zero-width approximation VMD, which leads to eq. (73),
is applicable as long as one restricts oneself to the on-shell value of this quantity, i.e. to
δHρω(m
2).
3.2 Evaluation
Since the most relevant parameter δHρ ω enters the approach via the combination ζ ∼ fρ + fω
it is convinient to rewrite the sum rule eq. (66) as
1
4
ζ
m2
M2
(
m2
M2
− β
)
e−m
2/M2 +
1
4
ζ ′
m′
2
M2

m′2
M2
− β ′

 e−m′2/M2 + 1
4
1
M2
fφ e
−m2
φ
/M2
+
Πρω(0, n)
M2
+
αem
64 π3
e−sV /M
2
= d0 +
∞∑
i=1
di
(i− 1)!M2i
, (74)
2In finite width QCD sum rule, which is necessary when considering the momentum dependence of mixing
δρ ω(q
2), the φ contribution is negligible [14]. We mention also that there is no need to use unphysical values
for mρ′ and mω′ , as has been pointed out in [13].
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where we have introduced [13]
ζ =
∆m2
m4
(
fρ + fω
2
)
, ζ ′ =
∆m′2
m′
4
(
fρ′ + fω′
2
)
,
β = 2
fω − fρ
fρ + fω
m2
∆m2
, β ′ = 2
fω′ − fρ′
fρ′ + fω′
m′
2
∆m′2
(75)
with 2m2 = (m2ρ + m
2
ω), 2m
′
2
= (m2ρ′ + m
2
ω′), ∆m
2 = m2ω − m
2
ρ and ∆m
′2 = m2ω′ − m
2
ρ′ ,
respectively. We stress that eq. (74) is valid to order O(∆m4/M4). Despite the observed
strong mass splitting found in the previous section, eq. (74) is a good approximation: The
terms of order O(∆m4/M4) would give less than 10 percent correction to terms of order
O(∆m2/M2), even at such a small Borel mass like M ≈ 1 GeV.
The residues in the hadronic model (71) can be expressed by the new variables (75) to give
fρ =
(
m2
∆m2
−
β
2
)
ζ m2 , fρ′ =

 m′2
∆m′2
−
β ′
2

 ζ ′ m′2 , (76)
fω =
(
m2
∆m2
+
β
2
)
ζ m2 , fω′ =

 m′2
∆m′2
+
β ′
2

 ζ ′ m′2 . (77)
Finally we give an expression for the mixing parameter ǫ in zero-width approximation (i.e.,
Im Σρ,ω = 0) which can be deduced from (73) and (38)
ǫ = −
m2
∆m2
gργgωγ
12
ζ . (78)
We need five equations for the five unknowns ζ, ζ ′, β, β ′, fφ. One could perform a Taylor
expansion of eq. (66) ending up with an equation system for these five parameters. This is
the frame work of Finite Energy Sum Rules (FESR). Instead, here we use a combined FESR
and Borel analysis, following the approach described in [12, 13] which we extend to finite
density. Accordingly, the first equation comes from a local duality relation [12] which results
into
4Πρω(0, n) − β ζ m2 − β ′ ζ ′ m′
2
= 4 d0 sV + 4 d1 − fφ (79)
and agrees with the first equation of the FESR approach [12, 13]. This equation makes
clear why the higher resonances ρ′ and ω′ have to be taken into account: Without these
higher resonances one would get either β ≈ 0 or ζ ≈ 0 which would be in contradiction with
experimental findings. The second equation is just the sum rule eq. (66). Two equations are
obtained by the first and second derivatives with respect to 1/M2 of eq. (66), cf. [12] (due to
the high Borel mass and the small contribution of the threshold term the second derivative
sum rule is applicable, in contrast to the mass splitting, investigated in the previous section,
where a second derivative sum rule becomes unstable [34]).
For evaluating fφ we still need a fifth equation. In [13] a third derivative of sum rule has
been used which could cause instabilities due to the truncation of OPE [34, 35]. To avoid
such instabilities the individual contributions of ρ′ and ω′ have been approximated by an
effective strenght fρ′ ω′ at the averaged mass of mρ′ ω′ in [14]. However, at finite density β is
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density dependent. Therefore, in order to improve this approximation we apply the second
FESR for the parameter β, i.e.,
(1 + β) ζ m4 + (1 + β ′) ζ ′ m′
4
− fφ m
2
φ = −2 d0 s
2
V + 4 d2 . (80)
The resulting system of equations has to be solved selfconsistently giving the five unknowns
as function of the Borel mass, ζ(M2), ζ ′(M2), β(M2), β ′(M2) and fφ(M
2).
In Fig. 2 we have plotted these parameters as a function of the Borel mass for different
densities. Like in the Borel analysis for the ρ − ω mass splitting we have to find an
appropriate Borel window M2min, M
2
max. To determine the minimal Borel window one could
use again the 10 % rule getting Mmin ≈ 1 GeV, while in [12] a 25 % rule has been used
getting Mmin ≈ 1.3 GeV. But it turns out that in such a region around Mmin the sum rule is
unstable for a wide range of parameters [12, 13]. Nevertheless, the curves in Fig. 2 evidence
that a stable region for all five unknowns exists in the interval 4 ≤ M ≤ 8 GeV. This
observation confirms a corresponding stability investigation in [13]. Therefore, in line with
[13], we will use a static Borel window Mmin = 4 ≤M ≤Mmax = 8 GeV over which we have
to average (using eq. (36)) to get Borel mass independent quantities. The result found in
[12, 13, 14] that the threshold parameter s0 in vacuum turns out to play a subdominant rule
is also valid in case of finite density. Accordingly, we may use a fixed value, sV = 2.0 GeV,
for all densities.
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Figure 2: Parameters ζ (a), β (b), ζ ′ (c), β ′ (d) and fφ (e) as a function of the Borel
mass. Dotted curves are for vacuum, solid curves stand for n = n0 and dashed curves depict
n = 2n0. All curves are evaluated for κN = κ0 = 3 (here the mass shift of vector mesons
has not been taken into account).
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3.3 Results
3.3.1 Vacuum
First of all, let us briefly discuss the pion formfactor in vacuum, given by (39) with n = 0.
Our sum rule analysis for vacuum results in ζ = 1.055 × 10−3 in good agreement with
[12, 15]. Using (78) gives for the mixing parameter ǫ = −0.21. The hadronic contribution of
the nondiagonal on-shell selfenergy which enters the pion formfactor, is given, via eq. (73),
by δHρω(m
2) = −m2gργ gω γ ζ/12 = −4289 MeV
2 which amounts, by taking into account
the electromagnetic nondiagonal on-shell selfenergy δEMρω (m
2) = 610 MeV2 [39, 12], in total
to δρω(m
2) = −3679 MeV2, in fair agreement with experiment [40]. Using this value we
get the pion formfactor in vacuum as shown in Fig. 3. It reproduces very well recently
obtained experimental data [41]. In [13] it was argued that the sum rules might give not
a good agreement with data when taking the parameter set of [12]. Our analysis shows,
however, that the sum rules are in agreement with experimental data when using appropriate
parameters.
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Figure 3: Comparision of the formfactor evaluated within the QCD sum rule method (solid
curve) and the results of the CMD-2 experiment (symbols) [41].
3.3.2 Isospin symmetric nuclear matter
After reproducing the pion formfactor in vacuum we now turn to the density dependence
of the mixing effect. Due to the small effect of mixing compared to splitting and the large
impact of the four-quark condensate and Landau damping terms on mass parameter splitting,
it becomes obvious that mixing does not strongly influence the mass parameter splitting
effect. But on the other side, the mass parameter splitting effect could strongly influence the
mixing effect. To study the effect of the ρ−ω mass parameter splitting on the ρ−ω mixing
we have to implement in the five equations for the five unknowns ζ, β, ζ ′, β ′, fφ the density
dependent mass parameters, i.e.: mρ(n), mω(n) and mφ(n), respectively. For mρ(n), mω(n)
we use the values obtained in the previous section, while for the density dependence of the
φ meson we will take the relation mφ(n) = (1 − α n/n0)mφ(0) with α = 0.03, which turns
15
out to be almost independent of κN [16]. The results for the five parameters are shown in
Fig. 4.
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Figure 4: Parameters ζ (a), β (b), ζ ′ (c), β ′ (d) and fφ (e) at finite density. Dotted curves
are for κN = 2, dashed curves are for κN = 3 and solid curves are for κN = 4. The density
dependence of the mass parameters of ρ, ω and φ mesons (without the twist-4 condensates)
has been taken into account consistently.
From the density behavior of the parameter ζ (see Fig. 4 (a)) one might conclude that the
mixing effect remains in matter. But this is actually not the case. In view of eq. (78) we
recognize that the mixing angle ǫ is strongly suppressed by the factor 1/∆m2. Additionally,
the mass shift of the ρ meson modifies significantly the pion formfactor. Using eqs. (39) and
(1) for the pion formfactor and di-electron production rate, respectively, we get the results
shown in Fig. 5.
These figures show that the mixing effect in the pion formfactor as well as in the di-electron
production rate is washed out due to the mass shifts of the vector mesons. But one has
to keep in mind that global changes of vector mesons in matter like mass shift and width
broadening turn out to be correlated in nuclear matter [32, 33, 37]. Taking into account
such broadening effects needs further investigations.
We also show results without the mass shifts of ρ, ω and φ mesons. The corresponding
density dependence of the five parameters ζ, β, ζ
′
, β
′
, fφ is shown in Fig. 6. One observes
noticeable changes for the parameters. The dashed curve (i.e. κN = κ0) in Fig. 6 (a) recovers
the density-independence of ζ for isospin symmetric nuclear matter as anticipated in [15].
Otherwise, depending on the parameter κN which governs the density dependence of the
four-quark condensate, ζ may slightly increase (large κN ) or decrease (smaller κN) with
increasing density. The resulting pion formfactor and the di-electron production rate are
plotted in Fig. 7. At finite density one obtains a very small modification of the formfactor
compared to the vacuum, while the modification of the rate is nearly invisible.
In the Figs. 5 and 7 the meson peaks are assumed to be distributed with a schematic
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Figure 5: Left pannel (a): Pion formfactor at saturation density n = n0. Mass shifts of
vector mesons (without twist-4 condensates) are taken into account. The dotted curve is for
vacuum, while the solid curves are for saturation density n = n0. The labels 1, 2, 3 denote
κN = 1, 2, 3, respectively. Right pannel (b): Di-electron production rate from pion-pion
annihilation at finite density and T = 100 MeV. The dotted curve is for a hot pion gas and
baryonic vacuum n = 0, while the solid curves are for saturation density n = n0.
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Figure 6: Parameter ζ (a), β (b), ζ ′ (c), β ′ (d) and fφ (e) at finite density. The density
dependence of the mass parameters has not been taken into account. Same notation as in
Fig. 4.
width ImΣρ(E) = −
g2ρpipi
(48π)E
(E2 − 4m2π)
3/2 Θ(E − 2mπ) and ImΣω(E) = −mωΓω Θ(E − 3mπ),
respectively. In Fig. 5 the density dependence of mρ,ω are taken into account, while in Fig. 7
no shifts of mρ,ω are assumed. Obviously, the di-electron rates shown in Figs. 5 and 7 differ
significantly.
17
725 750 775 800 825
20
30
40
50
(a)
2
|F
  (
q 
) |
q  [MeV]
600 800 1000
0
1
2
3
4
5
[  
   
  G
eV
   
 fm
   
]
10
8
__
_
d 
R
d 
M
M [MeV]
-4
-1
(b)
 
Figure 7: Left pannel (a): Formfactor at finite density. Dotted line denotes vacuum, dashed
line represents n = n0 and solid line means n = 2n0. Right pannel (b): Di-lepton production
rate for pion-pion annihilation at finite density for T = 100 MeV. The plotted curves are for
κN = 3. No mass shifts
There is the possibility, advocated in [42], that in-medium the original (vacuum) ρ peak is not
shifted, but additional strengths develops below the ρ peak. A similar possibility has been
reported in [7] for the ω meson. In such cases the ρ−ω mixing remains, similar to Fig. 7, but
the weighted ρ strength is shifted down, as required by the sum rule considered in section 2.
A proper handling of this situation deserves further investigations with explicit knowledge
of the ρ and ω in medium spectral functions. Experimentally, precision measurements with
HADES [5] can deliver informations on the in-medium behavior of the ρ− ω mixing.
3.3.3 Isospin asymmetric nuclear matter
So far we have considered isospin symmetric nuclear matter. While it is not necessary to
study isospin asymmetric matter for the mass splitting effect, finite values of αnp have some
relevance for the mixing effect [15]. Therefore, in this subsection we concentrate on isospin
asymmetric nuclear matter. The needed proton and neutron condensates are given in the
Appendix E. Accordingly, the coefficients dASi in lines (69) and (70) contain the following
terms proportional to αnp:
dAS2 = −
1
2
(
1 +
αs
π
CF
1
4
)
n
2MN
mq αnp 〈p|uu− dd|p〉
−
1
72
αem
π
1
MN
n
4
αnp 5 mq 〈p|uu− dd|p〉
−
(
1
4
−
5
48
αs
π
CF
) (
Au,p2 − A
d,p
2
)
MN αnp n
+
αem
π
25
864
MN n αnp
(
Au,p2 −A
d,p
2
)
, (81)
dAS3 =
56
81
π αs αnp n
1
MN
〈qq〉0 〈p|uu− dd|p〉
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+
7
81
π αnp n
1
MN
κN 〈qq〉0 〈p|uu− dd|p〉
+
αem
π
335
3456
M3N n αnp
(
Au,p4 −A
d,p
4
)
, (82)
where terms of order O ((md −mu)αnp), O (γ αem) and O (γ αnp) are neglected.
The dependence of the parameter ζ , eq. (75), which governs the mixing effect of the pion
formfactor (39) via (73), on the asymmetry parameter αnp is seen in Fig. 8 (a). For strong
asymmetry one obtains a remarkable increase of ζ , roughly linear with αnp. We note that the
dashed curve of Fig. 8 (a) is in good agreement with [15] where an asymmetry dependence
ζ = ζ (0) + ζ (1) αnp n/(0.2n0) with ζ
(0) = 1.1× 10−3 and ζ (1) = 1.5× 10−3 has been reported,
while our findings correspond to ζ (0) = 1.05× 10−3 and ζ (1) = 1.9× 10−3.
Altogether, without accounting for the mass shifts, an amplification of the mixing effect in
the pion formfactor is obtained (see dashed curve in Fig. 8 (b)). In contrast, when accounting
for the individual mass parameter shifts the mixing effect is washed out (see solid curve of
Fig. 8 (b)).
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Figure 8: Left pannel (a): Parameter ζ as a function of αnp at saturation density n0 (solid
line: individual mass shifts of vector mesons have been taken into account; dashes line:
without mass shifts of vector mesons). Right pannel (b): Pion formfactor for κN = 3 and
αnp = 0.2 (dotted line: vacuum; solid line: n = n0 with mass shifts of vector mesons; dashed
line: n = n0 without mass shifts of vector mesons).
Finally, it is expedient to summarize the differences between the analysis presented here and
Ref. [15], which are, so far, the only investigations where the QCD sum rule approach has
been applied to the mixing effect at finite density. Besides the usage of a complete OPE up
to mass-dimension-6 twist-2 for the mixing effect and a selfconsistent Borel analysis for all
unknowns at finite density in our work, the improvements are the following: First, we have
implemented the individual mass parameter shifts of the vector mesons in a consistent way
and have studied their impact on the mixing effect. A second difference consists in taking
into account the φ meson on the hadronic side, which is necessary due to large cancellations
between ρ and ω meson contributions (this has been pointed out for vacuum in [13]). Thirdly,
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we have investigated the relevance of ζ by considering the influence of the mixing on pion
formfactor and di-electron production rate.
4 Summary
In summary, we have investigated the mass parameter splitting and the mixing of ρ and ω
mesons in nuclear matter within the QCD sum rule approach, starting from a complete OPE
of the current-current correlator up to mass dimension-6 twist-4 and up to the first order in
the coupling constant. Special attention is devoted to the impact of the poorly known scalar
4-quark condensates. We have found a strong ρ − ω mass parameter splitting. The scalar
flavor mixing condensate has been evaluated at finite density using quite general assumptions.
It turns out that this condensate, while responsible for the ρ − ω mass parameter splitting
in vacuum, plays a subdominant role in matter. Instead, the individual mass parameter
splitting of ρ and ω mesons is mainly governed by the Landau damping terms. The scalar
4-quark condensates have a strong impact on the individual strengths of the mass parameter
shifts, while the amount of the splitting is fairly insensitive to these condensates.
We emphasize that the mass parameters are weighted moments of the spectral functions.
A mass parameter shift in medium does not necessarily mean a simple shift of the peak
position of a spectral function, rather additional strength may occur at lower or higher
energies causing a shift of the weighted moment. The presently employed form of the QCD
sum rule approach is not sensitive to such details. Only a detailed modelling of the hadronic
in-medium spectral function with parametric dependences allows for more concise statements
[46].
Another physical effect investigated concerns the ρ − ω mixing at finite density and the
impact of the ρ−ω mass parameter splitting. Starting with the vacuum we find an excellent
agreement with experimental data recently obtained. In medium, the nondiagonal selfenergy
δρω(m,n), which drives the mixing effect, is only weakly amplified in isospin symmetric
nuclear matter. The mixing parameter ζ , however, is remarkably enlarged for strongly
isospin asymmetric nuclear matter, such as in uranium nuclei with αnp = 0.2. Therefore,
not taking into account the individual mass shifts of the ρ and ω meson would indeed result
in an in-medium amplification of the mixing effect. In contrast, if one takes into account
the strong mass parameter splitting of ρ and ω mesons as a pronounced splitting of the
corresponding peaks then the mixing effect in the pion formfactor as well as in the di-electron
production rate disappears in medium, both for isospin symmetric and isospin asymmetric
nuclear matter. Upcoming measurements at HADES can deliver valuable information on
these issues.
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A Scalar flavor-unmixing 4-quark condensates
In lines (9) and (11) one recognizes two different types of scalar flavor-unmixing 4-quark
condensates (q = u, d)
M qqA = 〈Ω|qγµγ5λ
aq qγµγ5λ
aq|Ω〉 (83)
and
M qqV = 〈Ω|qγµλ
aq qγµλaq|Ω〉 . (84)
Previous studies employed a factorization for the scalar flavor-unmixing 4-quark conden-
sates [26]. We go beyond such approximation, M qqA =
16
9
κ〈Ω|qq|Ω〉2, pointing out that κ
is uncertain and might even have a density dependence. In the spirit of the linear density
approximation eq. (25), a Taylor expansion results in
M qqA =
16
9
〈qq〉20 κ
(1)
0

1 + κ(1)N
κ
(1)
0
σN n
mq 〈qq〉0

 . (85)
The first term, i.e. 16
9
〈qq〉20 κ
(1)
0 , is merely an expression for 〈qγµγ5λ
aq qγµγ5λ
aq〉0. The
second term, proportional to κ
(1)
N , parameterizes the poorly known 4-quark condensate in
the nucleon 〈N(k)|uγµγ5λ
au uγµγ5λ
au|N(k)〉. Similarly, for the other 4-quark condensate
we obtain
M qqV = −
16
9
〈qq〉20 κ
(2)
0

1 + κ(2)N
κ
(2)
0
σN n
mq 〈qq〉0

 . (86)
Accumulating all flavor-unmixing four-quark condensates, with the right weight given from
the OPE, one obtains in linear density approximation finally
−
1
2
MuuA −
1
2
MddA −
1
9
MuuV −
1
9
MddV = −
7
18
16
9
〈qq〉20 κ0
[
1 +
κN
κ0
σN n
mq 〈qq〉0
]
. (87)
Note that κN = κ0 is conform to the large-Nc limit [43]. Since we are interested in medium
effects, we adjust the value of κ0 to the vacuum masses, yielding κ0 = 3 both for ρ and ω, and
study the impact of the unknown parameter κN . As stressed in [16, 37], only a comparison
with experimental data can pin down κN .
For treating the ρ− ω mixing we also need
N qqA = 〈Ω|qγµγ5q qγ
µγ5q|Ω〉 (88)
and
N qqV = 〈Ω|qγµq qγ
µq|Ω〉 . (89)
With the same steps as above we arrive at
− 4NuuA +N
dd
A −
8
9
NuuV +
2
9
NddV = −
7
9
〈qq〉20 κ0
[
1 +
κN
κ0
σN n
mq 〈qq〉0
]
. (90)
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B Scalar flavor-mixing 4-quark condensates
Now we estimate the two scalar flavor-mixing condensates in lines (10) and (12) at finite
density. (For the vacuum such an estimate is given in [29].) Let us first consider the
condensate in line (10). To evaluate such a condensate we insert a complete set of QCD
eigenstates after a Fierz transformation
MudA = 〈Ω|uγµγ5λ
au dγµγ5λ
ad|Ω〉
=
∑
n
〈Ω|uαi d
δ
l |n〉〈n|d
γ
ku
β
j |Ω〉 (λ
a)ij (λ
a)kl
×
(
δαδδγβ +
1
2
(γµ)
αδ(γµ)γβ +
1
2
(γµγ5)
αδ(γµγ5)
γβ − (γ5)
αδ(γ5)
γβ
)
, (91)
and approximate the sum by
∑
n
|n〉〈n| ≈ |Ω〉〈Ω|+ |Ω∗〉〈Ω∗|+
3∑
b=1
∫
d3p
(2π)3
1
2Ep
|Ω πb(p)〉〈πb(p) Ω| , (92)
where |Ω〉 is the ground state of matter, |Ω∗〉 denotes low-lying excitations (e.g. particle-hole
excitations), and |Ωπb〉 means ground state plus pion with isospin index b (other states with
mesons heavier than pions are suppressed by their larger masses). The matrix elements
〈Ω|uαi d
δ
l |Ω〉 and 〈Ω|u
α
i d
δ
l |Ω
∗〉 vanish due to quark flavor conservation yielding
MudA =
3∑
b=1
∫
d3p
(2π)3
1
2Ep
〈Ω|uαi d
δ
l |Ωπ
b(p)〉〈Ωπb(p)|d
γ
ku
β
j |Ω〉 (λ
a)ij (λ
a)kl
×
(
δαδδγβ +
1
2
(γµ)
αδ(γµ)γβ +
1
2
(γµγ5)
αδ(γµγ5)
γβ − (γ5)
αδ(γ5)
γβ
)
. (93)
The soft pion theorem [8, 44] allows to calculate the needed terms in linear density approx-
imation as
〈Ω|uαi d
δ
l |Ω π
1(0)〉 =
i
fπ
1
12
δil(γ5)
αδ〈Ω|qq|Ω〉 , (94)
〈Ω|uαi d
δ
l |Ω π
2(0)〉 = −
1
fπ
1
12
δil(γ5)
αδ〈Ω|qq|Ω〉 (95)
and 〈Ω|uαi d
δ
l |Ω π
3(0)〉 = 0. Inserting these matrix elements into (93) results in
MudA =
4
9π2
1
f 2π
〈Ω|qq|Ω〉2 Q20 (96)
with the cutoffQ0 coming from the momentum integral. With eq. (25) and 〈N(k)|qq|N(k)〉 =
MN σN
mq
one gets the final result
MudA =
4
9π2
Q20
f 2π
〈qq〉20
[
1 +
σN n
mq 〈qq〉0
]
. (97)
Using the same technique for the matrix element in line (12) one finds
MudV = 〈Ω|uγµλ
au dγµλad|Ω〉 = −MudA . (98)
Q0 is adjusted to the vacuum ρ − ω mass splitting. Using Q0 = 150 MeV we get the right
experimental vacuum masses, i.e. mρ(0) = 771 MeV and mω(0) = 782 MeV [45] for our
chosen parameters, 〈qq〉0 = (−0.245 GeV)
3, 〈αs/π G
2〉0 = (0.33 GeV)
4, αs = 0.38, mu = 4
MeV, md = 7 MeV, M
0
N = 770 MeV, σN = 45 MeV. Furthermore, we take the known
vacuum values of MN , fπ and mπ.
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C Twist-2 condensates
The quark twist-2 condensates appear in lines (15) and (17), respectively, while the gluonic
twist-2 condensates appear in lines (14) and (16), respectively. The operator SˆTˆ creates
a symmetric and traceless expression with respect to the Lorentz indices, i.e., for spin-
2 SˆTˆ (Oαβ) =
1
2!
(Oαβ +Oβα) −
1
4
gαβ O
γ
γ and analogously for spin-4 condensates. These
condensates vanish in vacuum and therefore, according to the low-density approximation
(25), we need only the nucleon matrix elements which can generally be written as [26]
〈N(k)|SˆTˆqγµDνq|N(k)〉 = −iSµν A
q
2(µ
2) , (99)
〈N(k)|SˆTˆG αµ Gαν |N(k)〉 = Sµν A
G
2 (µ
2) (100)
for spin-2 operators and
〈N(k)|SˆTˆqγµDνDλDσq|N(k)〉 = iSµνλσ A
q
4(µ
2) , (101)
〈N(k)|SˆTˆG ρµ DνDλGρσ|N(k)〉 = −Sµνλσ A
G
4 (µ
2) (102)
for spin-4 operators, respectively. The Lorentz structures are defined as
Sµν = kµkν −
1
4
k2 gµν , (103)
Sµνλσ =
[
kµkνkλkσ +
k4
48
(gµνgλσ + gµλgνσ + gµσgνλ)
−
k2
8
(kµkνgλσ + kµkλgνσ + kµkσgλν + kνkλgµσ + kνkσgµλ + kλkσgµν)
]
.(104)
The reduced matrix elements of quark twist-2 condensates are defined as
Aqi (µ
2) = 2
1∫
0
dx xi−1 [qN (x, µ
2) + (−1)i qN(x, µ
2)], where qN(x, µ
2) and qN(x, µ
2) are the
quark and antiquark distribution function inside the nucleon. We take A
(u+d)
2 (1GeV
2) =
1.02 and A
(u+d)
4 (1GeV
2) = 0.12 [4], respectively. The reduced matrix elements of gluon
twist-2 condensates are defined by AGi (µ
2) = 2
1∫
0
dx xi−1GN(x, µ
2), with GN (x, µ
2) as gluon
distribution function inside the nucleon at the scale µ2. We use AG2 (1GeV
2) = 0.83 and
AG4 (1GeV
2) = 0.04 [24], respectively.
D Twist-4 condensates
Twist-4 condensates appear in the lines (18, 19, 21) and (22). All twist-4 operators vanish in
vacuum and therefore, according to the low-density approximation (25), one needs only the
nucleon matrix elements. The nucleon matrix elements of symmetric and traceless twist-4
operators can be decomposed as [36]
〈N(k)|igs SˆTˆ
(
u
[
Dµ, G˜να
]
+
γαγ5u
)
|N(k)〉 =
1
2
Sµν (K
g
u +K
g
d) , (105)
23
〈N(k)|g2s SˆTˆ (uγµγ5λ
auuγνγ5λ
au) |N(k)〉 = 2Sµν
(
K1u +K
1
d −K
1
ud
)
, (106)
〈N(k)|g2s SˆTˆ
(
uγµγ5λ
audγνγ5λ
ad
)
|N(k)〉 = 2Sµν
(
K1ud
)
, (107)
〈N(k)|g2s SˆTˆ
(
uγµλ
au
(
uγνλ
au+ dγνλ
ad
))
|N(k)〉 = 2Sµν
(
K2u +K
2
d
)
(108)
with Sµν defined in eq. (103). The other twist-4 condensates, where u and d are interchanged,
are equal to the given ones due to the assumed flavor symmetry. As pointed out in [36] the
coefficients K1,2u,d,ud are related to the nucleon forward scattering amplitude of the electromag-
netic current. We take the following parameter set: K1u = −0.112 GeV
2, K2u = 0.110 GeV
2,
Kgu = −0.300 GeV
2, K1ud = −0.084 GeV
2 as default. For the d quark we use K1,2,gd = βK
1,2,g
u
with β = 0.476 from [36].
We remark that the parameters K1,2,gu,d,ud should be taken at a hadronic scale of µ = 1 GeV.
Unfortunately, twist-4 condensates are poorly known and even available only at a scale of
µ = 2.25 GeV. To evolve these parameters down to µ = 1 GeV would require the knowledge of
anomalous dimensions which are not available. Here we use the above condensates, expressed
byK1u,K
2
u, K
g
u andK
1
ud, to demonstrate that accounting these condensates has little influence
on the mass splitting and individual mass shifts of ρ and ω mesons.
For the twist-4 operator in line (23) we use the estimate [21]:
〈N(k)|mq qDµDνq|N(k)〉 ≃ −P
q
µP
q
ν 〈N(k)|mq qq|N(k)〉 , (109)
where P qµ is the average momentum carried by the quark q inside the nucleon. Taking
P qµ ∼ kµ/6 [21] (kµ is the momentum of nucleon) and making the operator symmetric and
traceless we get
〈N(k)|SˆTˆ mq qDµDνq|N(k)〉 ≃ −Sµν
1
36
mq 〈N(k)|qq|N(k)〉 . (110)
E Parameters for ρ− ω mixing
For the ρ− ω mixing we have to distinguish between proton and neutron matrix elements.
In particular we need the following twist-2 and twist-4 condensates
〈p(k)|SˆTˆ qγµDνq|p(k)〉 = −iSµνA
q,p
2 , (111)
〈p(k)|SˆTˆ uγµDνDλDσu|p(k)〉 = iSµνλσA
q,p
4 (112)
with the proton state |p(k)〉 and analog expressions for the neutron. The reduced matrix
elements Aq,pi (µ
2) are defined as Aq,pi (µ
2) = 2
1∫
0
dx xi−1[qp(x, µ
2) + (−1)i qp(x, µ
2)], where
qp(x, µ
2) and qp(x, µ
2) are the quark and antiquark distribution functions inside the proton.
We use the following parameters: Au,p2 (1GeV
2) = 0.67, Ad,p2 (1GeV
2) = 0.35, Au,p4 (1GeV
2) =
0.091, Ad,p4 (1GeV
2) = 0.029; Au,n2 = A
d,p
2 and A
d,n
2 = A
u,p
2 , which follow from un(x, µ
2) =
dp(x, µ
2) and up(x, µ
2) = dn(x, µ
2), respectively [48].
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Another needed matrix element is [47]
〈p|uu− dd|p〉 = 2 MN
mΞ −mΣ
ms
= 1.3 GeV . (113)
The isospin symmetry breaking parameter for the quark condensate is γ = −0.008 (cf. [12]),
and the mass parameters of higher resonances are mρ′ = 1.465 GeV and mω′ = 1.649 GeV
[45], respectively. For the coupling constants we take the values gρππ = 6.0, gργ = 5.2 and
gωγ = 3gργ [11].
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